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Abstract The least squares support vector machine
(LSSVM) is computationally efficient because it converts
the quadratic programming problem in the training of SVM
to a linear programming problem. The sparse LSSVM is
proposed to promote the predictive speed and generaliza-
tion capability. In this paper, two sparse LSSVM algo-
rithms: the SMRLSSVM and the RQRLSSVM are
proposed based on the Localized Generalization Error of
the LSSVM. Experimental results show that the
RQRLSSVM yields both better generalization capability
and sparseness in comparison to other sparse LSSVM
algorithms.

Keywords Least squares support vector machine
(LSSVM) - Localized generalization error model
(L-GEM) - Sensitivity measure - Sparsity

1 Introduction

Suykens proposes the least squares support vector machine
(LSSVM) [1] as an extension of the support vector
machine (SVM) by replacing the inequality constraints in
the SVM by equality constraints in the LSSVM. With the
equality constraints, solving the LSSVM problem is
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converted from the quadratic programming in the SVM
into a linear programming problem. The LSSVM is widely
studied empirically and applied in a lot of applications
[2]. The generalization performance and the speed of the
LSSVM are comparable to that of the SVM [3]. The
optimization problem being solved by the LSSVM has the
same formation for both of the classification and regression
tasks. The number of hyper parameters of the LSSVM is
less than that of the SVM for regression problems. More
importantly, the LSSVM is much more computational
efficient in comparison to the SVM because of the use of
linear programming instead of quadratic programming.

However, owing to the conversion of the inequality
constraints to equality constraints, the LSSVM loses the
sparseness and is a full dense machine, i.e. all training
samples are used as support vectors. It leads to a slower
prediction speed of the LSSVM. Hence many algorithms
are developed to impose sparseness to the LSSVM to
overcome the full dense limitation. Current research results
show that sparse LSSVMs usually yield the same or better
generalization capability and faster prediction speed in
comparison to full dense LSSVMs [4-7]. In fact, the
sparsity issue is also a research problem in training the
SVM [8-11], therefore some algorithms developed for
training sparse SVM are directly applied to train sparse
LSSVM.

The procedure to obtain a sparse LSSVM can be treated
as an optimization problem. There are two major strategies
of sparse LSSVM training algorithms: one-step and itera-
tive methods. One-step methods start with a full dense
LSSVM and remove support vectors (training samples)
based on the evaluation of objective functions or criteria.
These methods complete the sparsity and LSSVM training
in one step. Iterative methods perform forward growing or
backward pruning algorithms iteratively to achieve the
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sparsity of the LSSVM. One-step methods avoid the
intensive computations in iterative methods and obtain the
same or better generalization capability. The coupled
compressive algorithm [5] and the IP-LSSVM [12] are
examples of the one-step methods. The iterative methods
update the objective function after a sample or a batch of
samples are pruned or added. The SMO-based method [13]
iteratively prunes samples yielding the minimum changes
to a dual objective function. There are also methods per-
forming forward growing of samples instead of pruning
which leads to the largest reduction of objective functions
[6, 7, 14].

In this paper, we proposed two one-step methods to
obtain a sparse LSSVM based on the localized general-
ization error model (L-GEM): the SMRLSSVM and the
RQRLSSVM. There are two major components in the
L-GEM: the training mean square error and the sensitivity
measure. The SMRLSSVM uses the sensitivity measure as
the criterion to select support vectors while the
RQRLSSVM selects support vectors using both compo-
nents of the L-GEM.

Section 2 briefly introduces concepts of the LSSVM and
the sparse LSSVM. Both the SMRLSSVM and the
RQRLSSVM are proposed in Sect. 3. Simulations results
on both an artificial dataset and benchmark datasets are
discussed in Sects. 4.1 and 4.2, respectively. Section 5
concludes this work.

2 LSSVM and sparse LSSVM

In the following of this section, we will introduce the
LSSVM and the sparse LSSVM in Sects. 2.1 and 2.2,
respectively.

2.1 Least squares support vector machines

In this work, we focus on the supervised classification
tasks. It is easy to extend to supervised regression as
described in introduction section. The given dataset is
denoted by D = {(x;,y)}'_,, where x; € R" and y; € {£1}
denote feature vector and the true classification of an
sample, respectively. The training of the LSSVM is to
solve the following optimization problem:

1 1
minJ (w, b, e) = EWTW + nge?
P

sto yi(Whox)+b)=1—¢,i=1,...,1 (1)

where ¢(x;), w, b, and y denote a function projecting
samples from the input space to the feature space, the
weight vector, the offset and the corresponding penalty
parameter controlling the trade-off of the margin (inversely
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proportional to w) and the error (Zﬁ:l e?) of the LSSVM.
As constraints in optimizing the LSSVM are all equalities
and the error term in the objective function is in the form of
a summation of squares, these constraints can be replaced
by (Wlo(x;) +b) =y, —e for i=1,..., 1 This replace-
ment yields the same solution as the original one.

The primal Lagrangian for the LSSVM is

1 1
L(w,e b;a) = EwTer VEZE?
i=1
I

— Z o [(WT(p(X,') + b) — Vi + e,-] (2)

i=1

where o = (o1, 00, . ..,0;) denotes a vector consisting of /
Lagrange multipliers. The optimality conditions for Eq. (2)
are as follows:

OL(w,e,b;a) !
 ow 0=w= iz:;oc,»go(x,-)
OL(w,e,b;a) !
=0= o=
o 2 o
OL(w,e,b;a
% =0= o = ye;
oL b
(wé: ) =0=wokx)+b—yi+e=0

This optimization problem is equivalent to solving the
following linear system:

y1
Rt IHE m @
where K; = [k;] i.j:l and k; = k(x;,x;) = (@(x1), o(x;))
denotes the kernel function. The kernel trick k(xi,xj) =
{@(xi), p(x;)) is used to evaluate the similarity of sample
pairs in the feature space without explicitly knowing the
function ¢(x). The parameters of function k() are called
kernel parameters. The Gaussian kernel function k(x;, X;)

= exp(||x; — xj||§ /26%) with kernel parameter ¢ is widely
used. The Gaussian kernel function is used in this work as
it is a popular choice of the kernel function for LSSVM [7].

The solution of the LSSVM is written in terms of the
dual parameters (o1, b) as follows:

!
f(x) =sgn <Z ok (X, X) + b) (5)
i=1

As in Eq. (3), the weight vector w is represented as a
weighted sum of the [ training samples w = Zﬁzl o p(X;).
In the traditional SVM, samples with non-zero Lagrange
Multipliers are called support vectors. Unlike the tradi-
tional SVM using the hinge loss as the error function, the
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LSSVM using the least square loss is typically full dense,
i.e. s = [ where s denotes the number of support vectors.

With the assumption that the weight vector w can be
represented as a weighted sum of less number of support
vectors w = > 0 0;0(x;),X; € S C RY, and s < 1, we get
the reduced LSSVM (RLSSVM). The RLSSVM solves the
following optimization problem [4, 6]:

1 N
minJ (w, b, e) = EZ Z 005K
Jj=1

i=1

2
1 ] K
+V§zl:<yi—z;djkij—b> (6)
i= Jj=

where K = [k;|} ., and Ky = [k;] ==l
ij=1 U1i=1,=1
This optimization problem is equivalent to solving the

following linear system:

(R+p'p) {ﬂ =p'y (7)

where R = [VOT

g} and p = [K, 1].

The LSSVM uses all training sample as support vectors.
As shown in [13], pruning training samples to reduce the
number of support vectors is an instance of sparse LSSVM
training methods. Therefore, pruned training samples will
not be used as support vectors of the LSSVM in the coming
training turns. The optimization problems of training the
sparse LSSVM remain the same except the number of
training samples [ is set to be the number of support vectors
(S). However, the reduction of the number of training
samples may reduce the generalization capability of the
sparse LSSVM owing to information loss by the reduced
training sample set. So, sparse LSSVMs without training
samples eliminating are preferred. On the other hand, using
constraints without the bias term is another simple modi-
fication to boost the training efficiency [13]. In this case,
the LSSVM without bias terms solves the optimization
problem same as the kernel ridge regression or the Gaus-
sian process regression does. The linear system being
solved is (K+ 7 Do =y.

2.2 Sparse LSSVM

According to the equality constraints in Eq. (3), the
LSSVM is full dense. It is because the use of least square
error loss function as the objective and Lagrange multi-
pliers of all support vectors are rarely equal to zero. As
aforementioned, traditional SVMs also encounter the
sparsity problem, therefore some sparse methods for SVM
can be applied to obtain sparse LSSVM directly [8]. Some

of the sparse methods with a pruning criterion are inspired
by the sparse neural networks training methods and the
pruning procedure of decision trees. In this section, we
focus on methods proposed for sparse LSSVMs directly.
Suykens proposes a simple method to obtain sparse
LSSVM by sorting the support value spectrum and pruning
the support vector with the minimum absolute value of «
iteratively [15]. In the LSSVM dual space, the magnitude
of o is proportional to the modulus of error e. Therefore,
the minimum absolute value of « infers to the minimum
absolute value of e. So, the support vector yielding the
minimum squared error of training sample (¢?) is pruned,

ie. arg (m1n|ac,|> .
l

The IP-LSSVM achieves sparsity by only keeping
support vectors in margin as in SVM’s and maintains the
simplicity of the LSSVM [12]. The IP-LSSVM elimi-
nates samples with negative or small positive Lagrange
multipliers. Hence, samples located on the border
between two classes or being misclassified are kept and
will serve as support vectors (o; > 0). The pruning

criterion of the IP-LSSVM is arg(minoc,-). For the
1

LSSVM with the Gaussian kernel and a large value of
kernel parameter o, most of the Lagrange parameters o;
are positive. When all the Lagrange parameters are
positive, the IP-LSSVM is equivalent to the algorithm
proposed by Suykens [15].

The sparse LSSVM based on SMO [13] solves the
training problems using the Sequential Minimal Opti-
mization (SMOQO) without the bias term and iteratively
removes the sample yielding minimum change of the dual
objective function. Samples being removed will not par-
ticipate in training in later iterations. The sample yielding
the minimum change to the dual objective function as in
Eq. (8) is pruned. The training of the LSSVMs is speeded
up by caching intermediate results from previous
iterations.

%ocizK(Xkan) — 0 (Z “jK(XhXJ‘))‘ (8)

min
i
J=1

With some derivations, one will find that the selection
criterion in Eq. (8) is equivalent to min(|o;|) for the
l

Gaussian kernel LSSVM.

The FSALSSVM, the RRLSSVM, and the
IRRLSSVM are proposed based on the same criterion
and select sample with the largest reduction to the
objective function iteratively [6, 7, 14]. In the growing
iterations, training samples yielding the largest reduction
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to the target function is selected to construct the support
vector set. The trained RRLSSVM is believed to be the
global minimum of the RLSSVM. Owing to the fact that
the construction procedure of the RRLSSVM is a greedy
growing algorithm; the RRLSSVM may not guarantee to
achieve the real global optimal.

The I-norm term (or lasso loss) is introduced to the
objective function of the LSSVM training to enhance
sparsity in [16]. On the other hand, sparsity can also be
achieved by applying different Lagrange multipliers to
both different samples and different features [17].
Sparse kernel density estimation with a localized reg-
ularization is proposed to construct sparse LSSVMs in
[18].

Sparse LSSVMs usually use fewer support vectors
which lead to a faster prediction. In general, sparse
LSSVMs yield better generalization capability in compar-
ison to full dense LSSVMs because sparse LSSVMs reduce
the chance of over-fitting.

3 L-GEM based Sparse LSSVMs

In this section, two new sparse LSSVMs, i.e.
SMLSSVM and RQLSSVM, are proposed based on the
L-GEM error upper bound for LSSVM [2]. The error
bound based on L-GEM is denoted by Rg (Q). The
empirical error and the sensitivity measure are two
major components of the L-GEM error bound for
LSSVM. For the SMLSSVM, only the sensitivity
measure term is used to evaluate the importance of each
sample. On the other hand, the RQLSSVM uses both of
the two major components of the L-GEM as the crite-
rion for sample pruning.

3.1 L-GEM for LSSVM

The localized generalization error model (L-GEM) evalu-
ates the generalization capability of a classifier by quali-
fying an upper bound of the mean square errors of it within
a given neighborhood (i.e. the Q-neighborhood) of the
given training samples [2, 19-22]. The Q-neighborhood of
a sample X, (So(Xp)) is defined as Sp(xp) ={X|x = X+
Ax; |Ax;| < QVi=1,...,n} which consists of all non-
training samples located within a n-dimensional hypercube
centered at the training sample x,. The Q-neighborhood of
the whole dataset (Sp) is defined to be the union of all
So(Xp).

The traditional L-GEM model is not designed for
enhancing the sparsity of LSSVMs, so modification is
proposed here. The localized generalization error bound
Rsy(Q) is defined as the integral of the mean squares error
of non-training samples located within Sp:

@ Springer

—y)* and

(f(x) —f(x

So(xp)

where err; = (f(xp)

2
Esyix) (Ay)?) = b)) P(x)dx
denote the empirical mean square error and the sensitivity
measure term (SM), respectively. ¢ is a constant and ignored in
this work because they are fixed for all trained LSSVMs after

) (v = y)°p(x)dx and
A is set to be 0 as we assume all unseen samples in the Q-

neighborhood of x;, are in the same class as Xp.
ESQ( ) for the Gaussian kernel support vector machines
Xp

l

the training dataset is given. A = f So(x:

f(x) =" wk(xi,x;) + b and

i=1
k(xi,xj) = exp(Hxi — xsz/Zaz)

is as follows:

Esyng (A7) = [ 006) = 7))
Q("b)
=2 (%) = 2f (%)l + 12 (10)
where I} = fSQ(Xb)f(x) x)dx and I, = fSQ (%) p(X)dx.

Assume that input features are independent to each other,

using the erf function erf(x) =
+ i 'i
n=(3750) 2 Sl (erf (Q Vi )

_erf< Q+xb1_ )) n

n

! > (= i)’

Z%“ky,yk exp| - E—— (1)
Jik= 4o

+o0o 42
%L e " dx, we have:

n e’f(z Q+Xbl)

i=1 erf(z(_Q + xpi) —
V2o

(xji + xk,-)>

202

(xji + xk,-)>

[\S]
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3.2 SMRLSSVM

According to the definition of the SM and Eq. (10), the SM of
a support vector indicates how much it affects the output of the
LSSVM with respect to a given magnitude of input changes.
Support vectors yielding small SM values do not have sig-
nificant affects to final outputs of the LSSVM. Hence the
SMRLSSVM prunes away samples yielding small SM values.

The sparse LSSVM training algorithm of the
SMRLSSVM is as follows:

Algorithm 1. SMRLSSVM

Input: D = {(x;,y;)}/_,, Gaussian kernel k(x;,x;) =
exp(||x; — x]||% /206?), the user defined percentage of sup-
port vectors for the sparse LSSVM (r).

s
Output: sparse LSSVM f(x) = sgn(>_ a;k(x;, X) + b),
i=1
support vector set S and corresponding Lagrange parame-
ters ag and b.

Algorithm:

1. Train a full dense LSSVM (a, b) according to Eq. (4)
and fine tune hyper-parameters ) and o via a
minimization of the L-GEM.

2. For all samples, compute the SM of each sample using
Eq. (10).

3. Prune r percents of training samples yielding the
smallest SM values. Other samples are used to form
the support vector set S.

4. Retrain the RLSSVM (ug, b) on S and D according to
Eq. (6)

3.3 RQRLSSVM

In contrast to pruning samples yielding either minimum o
magnitudes in other sparse LSSVM training algorithms or
minimum SM in the SMRLSSVM, minimizing the whole L-
GEM should lead to a sparse LSSVM yielding better gen-
eralization capability. So in the RQRLSSVM, both the
training error and the SM in the L-GEM are used as the
pruning criterion. Samples yielding both a small training
error and a small SM are pruned. In the full dense LSSVM,
the training error is proportional to the Lagrange parameters
o. Hence, the RQRLSSVM prunes samples yielding small
values of both the Lagrange parameters o and the SM.

The sparse LSSVM training algorithm of the
RQRLSSVM is as follows:

Algorithm 2. RQRLSSVM

Input: D= {(xi,yi)}ﬁzl, Gaussian kernel k(xi,xj) =
exp(Hxi — X]H; / 262), the user defined percentage of
support vectors for the sparse LSSVM (7).

s
Output: sparse LSSVM f(x) = sgn (Z ok (x;, %) + b) ,
i=1

support vector set S and Lagrange parameters o and b.
Algorithm:

1. Train a full dense LSSVM (a, b) according to Eq. (4)
and fine tune hyper-parameters y and ¢ using the
L-GEM.

2. For all samples, compute the SM of each sample using
Eq. (10).

3. Find the set of samples yielding the smallest r percents
of SM and the set of samples yielding the smallest r
percent of o. Samples appearing in both sets are
pruned. Remaining samples are used to form the
support vector set S.

4. Retrain the RQRLSSVM (og, b) on S and D according
to Eq. (6)

4 Experiments and discussion

The SMRLSSVM (SMR) and the RQRLSSVM (RQR)
are compared with five other sparse methods on 10
datasets in this section. The sparse methods includes: the
Spectral-based One-step LSSVM (SpecO) [15], the
Spectral-based Iterative LSSVM (Specl) [15], the IP-
LSSVM [IP) [12], the SMO-based Sparse LSSVM
(SMO) [13], and the Improved Recursive Reduced
LSSVM (IRR) [7]. Eight UCI datasets include the
Winston breast cancer (wbc), the credit approval (crx),
the German credit (ger), the heart disease (hea), the
hepatitis (hep), the ionosphere (ion), the pima (pima),
and the sonar (son). Two artificial datasets are the
chessboard (chb) and the exclusive OR (xor). The
characteristics of UCI datasets are shown in Table 1.
Datasets are randomly divided into training and testing
sets with 2/3 and 1/3 of samples, respectively. Twenty
independent runs are performed to reduce the random
effects in our experiments. Program codes are modified
based on the traditional LSSVM toolkit LS-SVMLab
v1.7. The hyper-parameters are selected for the full
dense LSSVM using the method proposed in [2].

There are two pruning strategies to obtain sparsity for
the LSSVM: one-step and iterative. The first one prunes a
predefined number of samples in one turn while the later
one prunes a small portion of samples and update the
LSSVM iteratively. Experimental results show that these
two strategies yield almost the same generalization capa-
bility. However, in some cases, the iterative strategy is less
efficient while usually uses less support vectors implying
for a better sparsity. Section 4.1 examines characteristics
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Table 1 Characteristics of

eleven datasets datasets chb Xor wbc crx ger hea hep ion pima son
#sample 270 400 683 653 1000 270 80 351 768 208
#feature 2 2 9 15 24 13 19 33 8 60

of support vectors being selected and decision boundaries
of trained sparse LSSVM on the artificial dataset chb.
Section 4.2 shows experimental results of different meth-
ods on 10 datasets.

4.1 Experiments on artificial datasets

Experiments are carried out using the 3-by-3 chessboard
(chb) problem. Figure 1 visualizes pruning results of dif-
ferent methods, training samples, selected support vectors
(i.e. samples not being pruned) and corresponding classi-
fication decision boundaries for the chb in Fig. 1. In Fig. 1,
there are two plots for the results of each method. The top
one shows training samples in two classes (green pluses
and red dots) and selected support vectors, i.e. samples
remained after pruning (blue squares and green circles).
The lower one shows contours formed by real-valued
sparse LSSVM outputs and different colors show region
being classified into different classes. Testing accuracy and
number of support vectors of each method are listed on the
left-hand-side and the lower-center of the corresponding
top-plot.

Comparing to the original full dense LSSVM, all the
7 sparse LSSVMs achieve a better testing accuracies.
The RQR achieves the best testing accuracy, i.e.
97.78 % while the SMR, the SMO, and the Specl
achieves the second best testing accuracy of 95.56 %.
However, the number of support vectors selected by the
SMO is 151 which means only 16.11 % of training
samples are pruned. The LSSVM trained using the SMO
is not sparse because the bias term b is removed from its
optimization objective function. The support vectors
pruned by both the SpecO and the IP are almost the
same as we explained in Sect. 2.2. Decision boundaries
of the sparse LSSVM generated by the iterative Specl
are smoother than that of the one-step SpecO and yield
better generalization capabilities. The SMR generates the
smoothest classifier because it trains the sparse LSSVM
using samples yielding the largest sensitivity. Therefore,
the sparse LSSVM is less sensitive after training by the
SRM. However, the error term is ignored in the support
vector selection, so decision boundaries of the sparse
LSSVM trained using the SMR are distorted and yield
worse testing accuracy. The IRR is a forward growing
algorithm which selects representative samples as

@ Springer

support vectors instead of pruning in other methods. The
sparsity of the LSSVM generated by the IRR is the
largest among all methods. However, the IRR uses a
greedy procedure to select training samples which leads
to a suboptimal selection in iterations and the selection
in each turn is heavily influenced by the selection in the
previous turn. Overall, the RQR achieves the best testing
accuracy (97.78 %) and the smoothest classifier with the
most reasonable decision boundaries. The decision
boundaries of the sparse LSSVM yielded by the RQR
are the best reproduction of the real decision boundaries
of the 3 x 3 chessboard. The sparse LSSVM trained by
the RQR yields the smoothest decision boundaries which
avoid over-fitting in comparison to other methods in
experiments. Moreover, the RQR only selects 12.22 %
of training samples as the support vectors which yields a
good sparsity.

4.2 Experiments on 10 datasets

All the 8 UCI benchmarking datasets and the 2 artificial
datasets are normalized to follow a standard normal dis-
tribution X ~ N (0,1). For all pruning procedures, 5 % of
samples are pruned once. For all sparse algorithms, the
proportion of the number of support vectors remained is
determined using a 10-fold cross validation.

The averages and standard deviations of testing classi-
fication accuracies over 20 independent runs using differ-
ent methods for the 10 datasets are shown in Table 2. The
t test is performed between the RQR and other methods for
experiments using each database. Experiments are marked
by * and # when the RQR outperforms a method by 99 and
95 % statistical confidences, respectively. We also list the
proportion of support vectors selected for these methods in
Table 3.

Figure 2 shows both the average testing accuracies and
average percentages of support vectors being selected from
training samples over all datasets. The original full dense
LSSVM yields the worst generalization capability because
of overfitting by using all training samples as support
vectors. The SMO omits the bias term and selects only one
sample in a turn to avoid finding the most violating pair.
Therefore, the SMO prunes the least number of training
samples. The LSSVM created by the IRR has the largest
sparsity over all methods. The RQR yields the best average
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Table 2 Averages and standard deviations of classification accuracies and

independent runs

t-test of different methods for 10 benchmark datasets over 20

Datasets LSSVM SpecO Specl 1P SMO IRR SMR RQR
chb 92.56 £ 2.72% 93.17 &£ 2.56* 93.33 £ 2.95% 93.11 &+ 2.81* 95.00 £ 2.06# 95.06 &+ 1.89# 95.72 £ 1.78  96.56 + 1.69
Xor 96.19 £ 2.22%¥ 96.46 &+ 2.19% 96.57 £ 2.20¥ 96.53 + 2.10* 97.46 £ 1.85# 97.31 & 2.02# 97.46 £ 1.75# 98.54 + 1.31
wbc 96.75 £ 0.92* 96.82 + 0.93* 9691 £ 0.94# 96.82 + 0.93* 9721 £ 142 97.08 £ 1.03 9728 £ 1.00 97.63 £+ 0.94
crx 85.50 + 2.13* 86.51 £ 1.95# 86.35 + 1.83* 86.51 + 1.95# 85.07 £9.37 86.86 + 1.87# 87.41 £ 1.85 88.19 + 1.96
ger 76.32 £ 1.55% 77.11 £ 1.64* 77.07 £ 1.57* 77.11 £ 1.64* 7597 &£ 0.81* 7757 £1.72 78.07 £ 1.70 78.65 £+ 1.76
hea 83.17 &£ 3.35% 84.56 £ 3.12# 84.33 & 3.34# 84.56 &+ 3.12# 82.00 £ 9.39# 84.83 + 3.09# 8544 +£3.14 87.06 + 3.33
hep 70.19 £ 7.16¥ 73.70 £ 6.68 7296 £7.89 7352 +6.83 73770 £8.23 7463 £639 76.11 £582 76.85 £ 6.11
ion 94.74 £ 1.97% 95.60 = 1.67 9551 £1.94 9564 £ 159 91.28 £2.55% 95.81 £ 1.88 9598 £ 192 96.45 + 1.69
pima 76.96 £ 2.05% 77.57 £ 2.01# 77.59 £ 2.27# 77.57 £ 2.01# 7638 £ 5.32# 78.11 £2.30 7858 £2.27 79.34 £ 224
son 85.29 + 3.82# 87.07 £3.89 86.36 £ 426 8743 £4.03 88.29 £349 86.71 £3.74 87.50 £ 3.85 88.29 £ 4.00
Table 3 Average percentages of training samples being selected as 2.0001-
support vectors (%) for 10 benchmark datasets over 20 independent
runs
Datasets SpecO  Specl 1P SMO IRR SMR RQR
chb 3626 3150 3551 7620 9.84 2094 1969  E 5000
Xor 2593  27.11 2220 63.21 1836 29.21 20.46 ¢
wbc 1279  11.02 1429 26.05 1246 14.09 247
crx 20.01 12.24  20.01 56.78 443 26.19 12.38
ger 39.72 2392 3997 84.82 10.12 2296 11.87
hea 2000 1075 2000 31.64 3.19 958 747 199995 o0 200 2 200 %0
hep 39.56 2231 3553 33.56 1528 38.63 2222 Sample ID
ion 30.10 3282 3733 7944 1979 5241 2889 Eig 3 o/|s| on whe with 7 — 0.5
pima 17.00 1145 17.00 67.41 323 1070  4.11
son 5574  60.65 6523 9155 5895 74.67 48.14  error term during selection. The sparsity of LSSVMs
avg 2999 2359 30.17 5939 1620 29.94 17.77  generated by the RQR is only a bit worse than that of the
IRR’s. The squared training error and the sensitivity
measure are the two major components of the localized
generalization error model. These two terms are applied in
e [ Percentage of support vectors % a vector form instead of the original linear combination
R —O— Testing accuracy form to reduce the influence of the choice of the Q value.
gso- 8 The RQR prunes samples yielding small values in both
% g terms. Therefore, the sparse LSSVM yields a smoother
£ ] e g decision boundary and is not easily overfit.
“:2) g Figure 3 shows the ratios between the Lagrange
%‘) “ 78 parameter « for experiments of the wbc and the training
§ /0\0/0\\0/ error e are very stable. Therefore, a small « indicates a
=209 H % small e and we can use o to represent e during the sample
ﬂ H pruning.
0 T T 85

T T T T T T
Original SpecO  Specl IP SMO IRR SMR RQR

Fig. 2 Average testing accuracies and average percentages of
support vectors using different sparse methods

testing accuracies and removes almost the largest portions
of training samples among all methods in comparisons. The
SMR method is worse than the RQR because it ignores the

@ Springer

5 Conclusion

In this paper, we propose two new sparse LSSVM training
algorithms, the SMRLSSVM and the RQRLSSVM, based
on the Localized Generalization Error of the LSSVM.
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Experimental results show that LSSVMs trained using the
RQRLSSVM yield the best generalization capability and
almost the best sparsity among other sparse algorithms in
comparison. In our future works, we will explore the
applications of the RQRLSSVM and the SMRLSSVM for
big data problems [23] and integrations with extreme
learning [24].
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