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Abstract Hashing has been widely applied to large scale

semantic image retrieval. Unsupervised hashing cannot

work well for semantic image retrieval while supervised

hashing requiring full label information for large databases

is not practical. Semi-supervised hashing (SSH) solves this

problem by learning the semantic information from a small

portion of labeled images and the data structure informa-

tion from the unlabeled images. The major drawback of the

current SSH is that they cannot guarantee the maximization

of entropy over all hash bits for a better coding efficiency.

We propose a SSH which maximizes the conditional en-

tropy of a bit with respect to all previous bits, i.e. the

sequential conditional entropy maximization SSH. It is

further extended to a nonlinear SSH with a new mapping

method to enhance precision and recall rates. Experimental

results show that the nonlinear SSH does not work well for

all cases, and a heuristic guideline for the selection be-

tween linear and nonlinear hashing is given based on the

characteristics of the database. We also propose a multiple

hashing version of the proposed method for high recall rate

with few hash bucket visits. Experimental results show that

the proposed method outperforms current SSH methods.

Keywords Hashing � Semi-supervised hashing �
Semantic image retrieval

1 Introduction

Retrieving information from the exponentially growing

data on the Internet is a challenging problem. For large

scale problems, linear search speed is no longer acceptable.

Tree based methods, such as k-d tree [1, 2], M-trees [3],

cover trees [4] and metric trees [5], cannot yield satisfac-

tory results because the search time increases very quickly

with the number of dimensions. In some cases, data

structures being created are larger than the original data

[6]. In large scale information retrieval problems, even

linear time search methods (e.g. [7]) are too time con-

suming and not practical. In contrast, hashing methods

provide a fast sublinear image search time complexity and

require much less storage space.

Hashing methods could be categorized into: unsuper-

vised, supervised and semi-supervised methods. The lo-

cality sensitive hashing (LSH) [8–10], the spectral hashing

[11], the anchor graph hashing [12] and the SPICA [13],

the iterative quantization (ITQ) [14], the Cartesian

K-means [15], the compressed hashing [16], the K-means

hashing [17] and the bilinear hashing [18], are all instances

of unsupervised hashing. They build hash codes by gen-

erating hash bits either randomly or by the data distribution

(e.g. principal components). However, unsupervised hash-

ing methods cannot deal with semantic image retrieval

problems. Supervised hashing methods generate hash bits

to preserve the semantic similarity using pairwise similar-

ity label information of the images. The kernel-based su-

pervised hashing [19], the LDA hashing [20], the restricted

Boltzmann machine hashing [21] and the minimum loss

hashing [22] are all instances of supervised hashing. The

major drawback of supervised hashing methods is the need

of a huge number of pairwise similarity labels among im-

ages. In practice, pairwise similarity labels among most
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images are not available while a small portion of them may

be labeled manually. The requirement of full labels may be

an over-shoot and impractical for a large scale problem.

Recently, a regularized framework is proposed to address

this problem [23]. It uses the non-negative matrix factor-

ization and the holistic visual diversity minimization to

complete the missing tags for social images.

The semi-supervised hashing (SSH) [24] is proposed to

deal with the image retrieval problems with mixed labeled

and unlabeled images. It preserves semantic similarity of

labeled images and regularizes learned hash bits using

unlabeled images to prevent overfitting. Both the SSH and

the bootstrap sequential projection learning hashing

(BSPLH) [25] maximize the lower bound of the maximum

variance of each bit as the regularizer to find the maximum

entropy partition. However, this regularizer is computed by

the sum of lower bounds of maximum entropy of each bit

only and cannot maximize the joint entropy of all bits. The

joint entropy of all bits will be maximized with this opti-

mization method if and only if all hash bits are indepen-

dent. However, in most of the real applications, variances

concentrate in a low dimensional subspace formed by a

small number of top eigenvectors of a principal component

analysis (PCA). In order to achieve a better image retrieval

performance, hash bits should be allowed to be correlated,

i.e. they are not independent. For instance, the PCA of the

MNIST database (784 dimensions) shows that 88.88, 78.23

and 43.82 % of variances of data are concentrated in the

top 10, 5 and 1 % of dimensions, respectively. Hence, the

bit independence assumption of both the SSH [24] and the

BSPLH [25] may not be appropriate in real cases.

Figure 1 shows three cases of hash bits generated by

maximizing the sum of lower bound of maximum entropies

of two hash bits. When the orthogonality (or independence)

of hash bits (functions) is weakened (Fig. 1b, c), the

regularizer of both the SSH and the sequential projection

learning hashing (SPLH) cannot give a good approximation

of the joint entropy of bits.

Therefore, we propose the SSH using Sequential Con-

ditional Entropy Maximum (SCEM-SSH) to maximize the

joint entropy sequentially. During the learning of a hash bit,

the SCEM-SSH maximizes the conditional entropy and

corrects errors jointly created by all previous bits. Hence,

the SCEM-SSH cuts the input space in the direction yielding

the largest joint entropy of all hash bits. The proposed

method has a time complexity ofOðBNd2Þwhere B,N and d

denote the number of hash bits, the number of images in the

database and the number of features of an image. The

SCEM-SSH has the same time complexity as the SPLH does

[24]. Figure 2a, b show the two artificial hash functions

created with and without the orthogonal constraint, respec-

tively. The hash function created without the orthogonal

constraint yields a better separation of the four classes of

images. This shows that correlated bits yield a better per-

formance in partitioning images in the four semantic classes.

The nonlinear method of the BSPLH (nBSPLH) [25]

captures the nonlinear structure of the data. It firstly clus-

ters images into r clusters and uses the cluster centers as

anchors to create an anchor graph. Then images are map-

ped from the input space onto a r-dimensional sparse

nonlinear space by finding their s nearest anchors, where r

and s are pre-selected constants. This method suffers from

an information loss. As an illustration, the nBSPLH gen-

erates cluster anchors indicated by squares in Fig. 3a and

triangles are new dissimilar images which should be

hashed to different codes. However, by the nonlinear

mapping of the nBSPLH with s ¼ 2, they are hashed to the

same hash code because they are symmetric to the two

nearest anchors (i.e. symmetric to the green line connecting

the two anchors) and yield the same mapped nonlinear

feature vector. Therefore, we propose a new nonlinear

mapping to resolve this problem. The nonlinear SCEM-

SSH (nSCEM-SSH) computes the hash code of a new

image based on anchors located within a hypersphere with

a given radius. As shown in Fig. 3b, the two images using

different number of anchors will have different hash codes.

To further make use of the global data distribution, under

the nSCEM-SSH scheme anchors are weighted by an in-

verse document frequency like function according to the

density of the region that the anchor is located.

Finally, we propose a bootstrap based multiple hashing

for the SCEM-SSH (M-SCEM-SSH). In comparison with

the SSH using a single hash table, theM-SCEM-SSH usually

yields a higher recall rate while visiting fewer hash buckets.

This work has three contributions:

1. The SCEM-SSH maximizes the joint entropy of all

hash bits by sequentially maximizing the conditional

entropy of each bit given all its previous bits. This will

remove the restrictive bit independent assumption on

both the SSH [24] and the BSPLH [25], and makes the

SCEM-SSH more suitable for real-world applications.

Owing to the fact that variances of data concentrate in

a few top principle components, the bit independence

assumption in the regularizer of current SSH methods

[24, 25] may not be appropriate.

2. The nSCEM-SSH finds the anchors using all anchors

located within a local neighborhood instead of sFig. 1 Three sets of two artificial hash functions generated by

maximum entropy of each bit independently
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nearest neighbors. The nSCEM-SSH computes the

nonlinear mapping by anchors combining both the

global and the local information for a better mapping.

In contrast, the nBSPLH [24, 25] ignores the data

distribution around anchors and maps an image using

anchors with the same weight without regarding they

are located in a spare or a dense region.

3. A multiple hashing for the SCEM-SSH is proposed to

enhance the recall rate and reduce the number of hash

bucket visits. It uses less retrieval time for a similar

recall rate in comparison to single table based SCEM-

SSH methods.

Related works is introduced in Sect. 2. The SCEM-SSH is

proposed in Sect. 3.1 while the nSCEM-SSH and the

M-SCEM-SSH are proposed in Sects. 3.2 and 3.3, re-

spectively. Section 4 shows and discusses experimental

results in comparing the SCEM-SSH with popular SSH

methods. We conclude this paper in Sect. 5.

2 Related works

The aim of hashing is to learn a hash code consisting of B

hash bits (functions), such that similar images are hashed to

the same hash code. A typical bth bit hash function of a

hash code is defined as follows:

hb xð Þ ¼ sign wT
b xþ tb

� �
ð1Þ

where x denotes the d-dimensional input vector of an im-

age and both wb and tb denote parameters of the hash

function (hb). In Sect. 2.1, we will briefly introduce current

supervised and unsupervised hashing methods. SSH is in-

troduced in Sect. 2.2 and multiple hashing is introduced in

Sect. 2.3.

2.1 Supervised and unsupervised hashing

The LSH [8–10] is one of the most popular unsupervised

hashing methods which generate hash bits by randomly

generating parameters of hash functions. The locality pre-

serving principle of the LSH guarantees that the probability

of two images being hashed to the same hash code is di-

rectly proportional to the similarity between them. There

are several variants of LSH being proposed: the lp norm

based LSH [26], the LSH with learned metric for super-

vised semantic problems [27] and the LSH with image

kernel [28]. The major drawback of the LSH is the re-

quirement of a long hash code for a good precision rate in

practice [9].

The spectral hashing [11] is proposed to learn compact

hash codes. It is an unsupervised data-dependent method

which requires hash codes to be uncorrelated and balanced.

The spectral hashing assumes data points following a

uniform distribution and its hash functions are obtained by

the top B smallest single Laplacian eigenfunctions. The

anchor graph hashing [12] is a graph based unsupervised

hashing method which preserves neighborhood information

of images in the Hamming space. The SPICA [13] finds

compact hash codes by minimizing the mutual information

with relaxed constraints through an independent compo-

nent analysis based method in an unsupervised manner.

The iterative quantization [14] minimizes the average

quantization error of images with respect to assigned hash

Fig. 2 Two artificial hash functions created a with orthogonal constraint and b without orthogonal constraint for an artificial image database with

four classes of images

Fig. 3 Illustrations of the nBSPLH (a) and the nSCEM-SSH (b)
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codes by iteratively rotating the orthogonal projection of

hash functions.

However, unsupervised hashing cannot deal with se-

mantic image retrieval problems. Hence, supervised hash-

ing methods are proposed to learn hash codes based on

labeled information. The linear discriminant analysis

hashing [20] finds hash functions by simultaneously

minimizing the expected Hamming distances between

similar image pairs and maximizing the expected Hamming

distances between dissimilar image pairs. On the other

hand, the kernel-based supervised hashing [19] projects data

onto a reproducing kernel Hilbert Space by kernel tricks.

Then, a hashing is generated in the projected space by

minimizing the sum of squared difference between targeted

outputs (þ1 for similar and �1 for dissimilar image pairs)

and normalized inner products of hash codes of image pairs.

The restricted Boltzmann machine hashing [21] trains a

multilayer perceptron neural network to find a hash code to

preserve semantic similarities among images. The minimal

loss hashing [22] finds hash functions by minimizing the

upper bound of a hinge loss function based on the structural

support vector machines with latent variables.

In general, supervised hashing methods yield higher

precision rates than that of unsupervised hashing methods.

However, supervised hashing methods require a fully la-

beled database which is infeasible for many large scale

image retrieval problems.

2.2 Semi-supervised hashing methods

The SSH [24, 29, 30] is proposed to make use of both the

huge number of unlabeled images and the small portion of

labeled images to learn hash codes. In general, the objec-

tive function of the SSH methods is defined as follows:

max
W

1

2
tr WTXlSX

T
l W

� �
þ k
2
tr WTXXTW
� �� �

ð2Þ

where k, X;Xl; S and W denote the penalty parameter, the

whole set of images, the set of images with labels, the

matrix consisting of the pairwise similarity information of

image pairs in Xl, and the projection matrix of the hash

functions, respectively. The SSH maximizes the empirical

similarity accuracy for labeled images (trðWTXlSX
T
l WÞ)

and maximizes the lower bound of the maximum variance

of all images (trðWTXXTWÞ) as a regularizer to prevent

overfitting. In addition to hashing-based retrieval problems,

semi-supervised methods are also widely adopted in clas-

sification problems [31, 32] and clustering problems [33,

34].

In the SSH [24], three different methods are proposed to

learn hash functions. The orthogonal projection learning

imposes an orthogonal constraint to force projection

directions to be orthogonal to each other. Then, the top B

eigenvectors of M ¼ XlSX
T
l þ kXXT

� �
are used to form the

W to compute the B-bit hash code. However, in practice,

the number of principal components with high variance

(information) of a given image database may be smaller

than B. In this case, the effectiveness of the SSH is reduced

because the orthogonal constraint forces the SSH to add

directions with low variances to hashing. Hence, the non-

orthogonal projection learning adds an orthogonal penalty

to the objective function to replace the hard orthogonal

constraint. However, the objective function of the non-

orthogonal projection learning is non-convex and only an

approximated solution can be found. The semi-supervised

spectral hashing also uses orthogonality as a penalty in-

stead of a constraint and it replaces the binary objective

function by a squared Euclidean based objective function

[35]. Instead of computing all hash functions simultane-

ously, the SPLH finds hash functions iteratively. In the

iteration, the top eigenvector of the current matrix Mb ¼
XlSbX

T
l þ kXXT

� �
is used as the projection vector wb for

the bth hash bit. In the first iteration, Sb ¼ S. In the

ðbþ 1Þth iteration, the matrix S is updated as follows:

Sbþ1 ¼ Sb � sT ~S
b
; Sb

� �
ð3Þ

where s is a constant.

~Sb ¼ XT
l wbw

T
bXl ð4Þ

T ~Sbij; Sij

� �
¼

~Sbij : sign ~SbijSij

� �
\ 0

0 : sign ~SbijSij

� �
� 0

8
><

>:
ð5Þ

where Sij denotes the ði; jÞ element of the original pairwise

label matrix S. Larger weight values are assigned to image

pairs (i.e. the value of the Sij) which violate pairwise

similarity labels in the S. The sign of the Sij remains un-

changed and only its magnitude is updated according to

error made by each bit. At the end of the iteration, the

contribution of the spanned subspace of the projection

vector of the current hash bit is removed from X to reduce

redundancy as follows:

X ¼ X � wbw
T
bX: ð6Þ

However, the SPLH [24] only compensates errors made by

the previous bits individually without considering them

together. This may not be effective in reducing the accu-

mulated error and hence a significantly reduced perfor-

mance. The BSPLH is proposed to correct errors made by

all previous bits. In the ðbþ 1Þth iteration, the matrix S is

updated as follows:

Sbþ1 ¼ Sþ DSb ð7Þ
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DSbij ¼
ab� Hb

ij

� �
=2b : Hb

ij � ab\0; Sij [ 0

bb� Hb
ij

� �
=2b : Hb

ij � bb[ 0; Sij\0

0 : otherwise

8
>>><

>>>:

ð8Þ

where Hbþ1 ¼ Hb þ sign XT
l wbw

T
bXl

� �
, and ab (bb) is the

threshold for similarity (dissimilarity). Instead of finding

linear hash functions, the nonlinear BSPLH (nBSPLH) [25]

finds hash functions in a nonlinearly mapped space zðxÞ:

yb ¼ sign wT
b zðxÞ � tb

� �
ð9Þ

where tb ¼
Pn

i¼1 w
T
b zðxiÞ=n; and zðxÞ denotes the column

of the regression matrix Z corresponding to the image x.

The regression matrix Z of the nBSPLH [25] is computed

by the distances between the input vectors and their cor-

responding s nearest anchors. Firstly, input vectors of im-

ages in the database are clustered into r centers, which are

used as anchors U ¼ fui 2 Rdgri . The ði; jÞ element of the

regression matrix Z is computed as follows:

Zij ¼
expð� ui � xj

�� ��2=hÞ
P

i02\j[ expð� ui0 � xj
�� ��2=hÞ

; if i 2 hji

0; otherwise

8
><

>:

ð10Þ

where hji � ½1:r� and h denote the index value of the s

nearest anchors in U for the image xj and the bandwidth

parameter, respectively. The relaxed objective function by

removing the sign function is defined as follows:

max
W

1

2
tr WTZlSZ

T
l W

	 

þ k
2
trfWTZZTWg ð11Þ

where Zl and Z denote regression matrices for the labeled

images and all images, computed by Eq. (10), respectively.

Then, the hash functions are computed in the same way as

the BSPLH does.

2.3 Multiple hashing methods

Instead of using a single hash table (code), multiple hash

tables yield better recall rates while requiring fewer hash

bucket visits in general. A multiple hashing returns the

union of images returned by the hash bucket with a small

Hamming distance from the query image from each hash

table. The LSH [9, 10, 26] can be extended to multiple

hashing easily by repeating the random generation hash

code for K times.

The complementary hashing (CH) [36] learns a hash

table by compensating the error made by each previous

table individually to construct multiple hash tables. The

CH learns a hash table by maximizing Eq. (2) and finding

the top B eigenvectors of M in the same way as the

orthogonal SSH. Then, the matrix S is updated according to

the error made by the currently learned hash table. The dual

complementary hashing (DCH) [37] uses the SPLH to re-

place the orthogonal SSH method used in the CH. Hence, a

single hash bit of an individual hash table is learned in the

same way as the SPLH. Moreover, the DCH learns each

hash table using boosting to further enhance its perfor-

mance. However, the DCH deletes the pairwise labels from

the labeled set when the similarity of two corresponding

images is classified correctly which may introduce new

error. A boosting based ITQ framework [38] is proposed to

construct multiple hash tables. Samples returned from

multiple tables are re-ranked by bit-level weights learned

by a query-adaptive re-ranking method.

3 Semi-supervised hashing using sequential
conditional maximization entropy

Throughout this manuscript, the SCEM-SSH will be re-

ferred to the linear version of the SCEM-SSH and the

nSCEM-SSH as its nonlinear version. The SCEM-SSH and

the nSCEM-SSH are proposed in Sects. 3.1 and 3.2, re-

spectively. In Sect. 3.3, we propose the M-SCEM-SSH.

The time complexities of the proposed methods are dis-

cussed in Sect. 3.4.

3.1 The SCEM-SSH

The objective function of the SSH based methods consists

of two components: an empirical error tr WTXlSX
T
l W

� �
and

a regularizer (tr WTXXTWð Þ). In [24, 25, 29, 30], the

regularizer tr WTXXTWð Þ of the objective function [as

shown in Eq. (2)] ignores interactions among hash bits and

maximizes the lower bound of the maximum variance of

each hash bit only. Hence, we propose a new regularizer in

the SCEM-SSH which generates the bth hash bit at the

steepest increasing direction of the entropy for all b bits.

Firstly, the conditional entropy of the bth hash bit (hbðxÞ)
given all previous bits (h1ðxÞ; h2ðxÞ; . . .; hb�1ðxÞ) is defined
as follows:

H hb xð Þjh1 xð Þ; h2 xð Þ; . . .; hb�1 xð Þð Þ ¼
XNb

i¼1

pini ð12Þ

where pi denotes the probability of images in the database

falling into the ith bucket (Ui) created by all previous hash

bits, ni ¼ � qi log qið Þ þ 1� qið Þ log 1� qið Þð Þ, qi ¼ P hbð
xð Þ ¼ 1jx falls into UiÞ, and 1� qið Þ ¼ P hb xð Þ ¼ �1jxð
falls into UiÞ. For a hash table with b bits, the input space

consisting of all images is cut into at most 2b buckets by b

hash functions. Let Nb ¼ min N; 2b�1
� �

be the number of

non-empty hash buckets at the bth iteration and N be the

number of images in the database. It is obvious that ni is a
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concave function reaching its maximum value when the

partition of the Ui is balanced. Then, we derive the ob-

jective function of the SCEM-SSH following the steps

listed in [24].

The bth hash bit with maximum conditional entropy

maximizes the conditional variance and vice versa. Let

hbiðxÞ be the value of the bth hash bit given that the image x

falling into the Ui. Then, we have:

max ni , max Var hbi xð Þð Þ: ð13Þ

Then, we can extend it to all hash buckets easily as follows:

max
XNb

i¼1

pini , max
XNb

i¼1

piVar hbi xð Þð Þ: ð14Þ

The conditional expectation and the conditional variance of

values of the bth hash bit given that images x fall into the

ith bucket (hbi) are as follows:

E hbi xð Þð Þ ¼ 2qi � 1 ð15Þ

Var hbi xð Þð Þ ¼ E hbi xð Þ � ð2qi � 1Þð Þ2
� �

¼ 4qi 1� qið Þ:
ð16Þ

The VarðhbiðxÞÞ is a concave function which yields the

maximum value 1 when images falling into the Ui created

by all previous hash bits is partitioned evenly by the bth

hash function (i.e. qi ¼ 1
2
).

Then, we define the new conditional entropy maximiz-

ing regularizer as follows:

R wbð Þ ¼
XNb

i¼1

Pbið ÞVar hbi xð Þð Þ

¼
XNb

i¼1

Pbið ÞVar sign wT
b x

� �
x 2 Uij

� �
ð17Þ

where Pbi denotes the probability of the image x falling into

the bucket Ui created by all previous hash functions. We

can approximate Pbi by (ni=N) where ni denotes the

number of images falling into the bucket Ui. The ap-

proximated RðwbÞ is computed by the following equation:

�R wbð Þ ¼
XNb

i¼1

ni

N
Var sign wT

b x
� �

x 2 Uij
� �

ð18Þ

Equation (18) is non-differentiable with respect to wb, so

we find its lower bound instead. The conditional variance

of a hash bucket is bounded by Eq. (19).

Var sign hbi xð Þð Þð Þ� 1

e
E wT

b x
�� ��2jx 2 Ui

� �

� E sign wT
b x

� �
jx 2 Ui

� �� �2
: ð19Þ

Let xik k2 � e 8i; e[ 0. Given that wbk k2 ¼ 1 8b , by the

Cauchy–Schwarz inequality, we have:

wT
b x

�� ��2 � wbk k2 xk k2 � e ¼ e sign wT
b x

� ��� ��2: ð20Þ

Hence, we have:

E sign hbi xð Þð Þk k2
� �

¼ E sign wT
b x

� ��� ��2jx 2 Ui

� �

� 1

e
E wT

b x
�� ��2jx 2 Ui

� �
: ð21Þ

Since E sign wT
b x

� ��� ��2jx 2 Ui

� �
¼ Var sign hbi xð Þð Þð Þ þ Eð

sign wT
b x

� �
jx 2 Ui

� �
Þ2, we get Eq. (19).

With the relaxation given in [24], the E signð wT
b x

� �
jx 2

UiÞ is replaced by E wT
b xjx 2 Ui

� �
. Then the regularizer in

Eq. (18) can be computed as follows:

�R wbð Þ

¼
XNb

i¼1

ni

N

1

e
E wT

b x
�� ��2jx 2 Ui

� �
� E wT

b xjx 2 Ui

� �� �2
� �

¼
XNb

i¼1

ni

N

1

eni

X

xj2Ui

wT
b xjx

T
j wb

 !

� wT
blil

T
i wb

 !

¼ 1

eN

XN

j¼1

wT
b xjx

T
j wb �

XNb

i¼1

eniw
T
blil

T
i wb

 !

¼ 1

eN
wT
b XXT � eVXT
� �

wb

ð22Þ

where li, X and V denote the average value of the input

vectors of x in Ui, the matrix with the ith column equal to

li and the matrix with the ith column equal to nili,
respectively.

Then, the SCEM-SSH sequentially finds all B hash bits

by maximizing the following objective function:

max
wb

J wbð Þ ¼ wT
b XlSX

T
l þ gXXT � kVXT

� �
wb ð23Þ

where g ¼ 1=ðeNÞ and k ¼ 1=N. The wb maximizing the

JðwbÞ is computed by the top eigenvector of

�M ¼ XlSXl þ gXXT � kVXT . Same as the SSH [24],

wT
bXlSX

T
l wb maximizes the accuracy of the empirical

similarity for labeled images while wT
bXX

Twb maximizes

the variance of hash values to prevent overfitting. The new

term in Eq. (23), i.e. wT
bVX

Twb, gives a higher priority to

partition buckets (created by all previous bits) with larger

ni (i.e. number of images in the bucket) because a bucket

with a larger ni yields a larger influence to Eq. (23). This

maximizes the conditional entropy of the bth bit with re-

spect to all previous bits. Hence the SCEM-SSH sequen-

tially maximizes the joint entropy of all hash bits. Figure 4

illustrates the partitions of the 3rd hash bits given two

previously trained hash bits (indicated by the blue dotted

lines) generated with and without maximizing conditional

entropy, respectively. The 1st and the 2nd hash functions

are represented by blue lines. Images labeled to be similar
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are connected by green dotted lines while images labeled to

be dissimilar are connected by pink dotted lines. As shown

in Fig. 4a, the 3rd hash bit maximizing the conditional

entropy of all previous bits cuts through the buckets con-

sisting of a large number of images. Hence, the SCEM-

SSH yields a better coding efficiency of hashing. Proce-

dures of creating a hash table using the SCEM-SSH is

shown in Algorithm 1.

3.2 Nonlinear SCEM-SSH

The nSCEM-SSH computes the nonlinear mapping based

on both global and local information of images instead of

local information only [25]. For local information, instead

of computing the nonlinear mapping by s nearest anchors as

in [25], the nSCEM-SSH computes the nonlinear mapping

of an image by all anchors located within a Q-ball centered

at the image, where Q is a user defined constant. This will

allow the proposed method to preserve local similarity

within a Q distance. For instance, images located in a dense

region of the input space will use more anchors to provide

more precise nonlinear mapping, while images located in a

sparse region will use less anchors. In contrast, the non-

linear mapping used by the nBSPLH [25] computes the

nonlinear mapping using s anchors which may be far away

from images located in a sparse region. This is misleading

and counterproductive to the retrieval result. Anchors are

created using a k-means clustering on all training images

with the number of anchors selected as in [25].

The value of Q is computed by the average value of

distances between images and their sth nearest neighbors

over the database. A heuristic method to select the Q value

is to try out different numbers of nearest neighbors (i.e. s).

Then the Q value yielding the best performance will be

selected. If two consecutive s values yield similarly good

performances, the Q values of them are averaged to gen-

erate a new Q value. In our experiments this new Q value

yields the best performance. At the end of Sect. 4.1, we will

illustrate this simple heuristic using the MNIST database.

The global information of the database is captured by a

function similar to the inverse document frequency. In

contrast to treating each anchor with equal weight [25],

each anchor is weighted by its inverse frequency such that

anchors located within Q-balls of more images (i.e. fre-

quently used by images in the database) weight less. If this

image is located at a dense region, its Q-ball consists of a

large number of anchors and the norm of its feature vector

of the nonlinear mapping will be large. In contrast, the

norm of the feature vector of the image located in a sparse

region is small and will be easily ignored during the opti-

mization if all anchors are weighted the same. Therefore,

anchors located in dense regions are assigned with smaller

weight values to balance the importance of feature vectors

of images in regions with different image densities.

Moreover, anchors in sparse regions provide more dis-

criminative information because they have higher prob-

abilities to be the representative of clusters consisting

images in the same semantic class.

The nSCEM-SSH computes the set of r anchors U ¼
fui 2 Rdgri by a k-means clustering with ten iterations in

the same way as in [25]. Then, a similarity matrix between

r anchors and N images is defined as follows:

jij ¼ expð�D2ðui; xjÞ=hÞ; if i 2 hji
0; otherwise

�
ð24Þ

where D and hji denote a l2 distance function and the index

set of anchors located within the Q-ball of the image xj,

respectively. If the number of anchors in hji is less than 1,

the nearest anchor is added to the hji to avoid degeneracy.

Then, the inverse frequency based weight function is de-

fined as follows:

/i ¼ log2
S

Si

� �
ð25Þ

where S ¼
P

i Si and Si ¼
P

j jij. S serves as a normal-

ization constant. We use an anchor book (U) to map the

original images (X) onto a nonlinear feature space (Z 0) as
below:

Z 0
ij ¼

/i expð�D2ðui; xjÞ=hÞ; if i 2 hji
0; otherwise:

�
ð26Þ

Then, the SCEM-SSH described in the previous section

is applied to the nonlinear mapped feature domain Z 0 in-
stead of the original feature domain X to find hash

Algorithm 1 SCEM-SSH
Inputs: images X , pairwise labeled images Xl, initial pairwise labels
S1 = S, length of hash code B, constants η, λ,

Outputs: projection matrix W , Hb;

Initialize H0 = 0, C = XXT , Y = C, h = [], W = []

for b = 1 to B do

M̆ b = XlS
kXT

i + ηY

Set wb equal to the top eigenvector of M̆ b

Hb = Hb−1 + sign(XT
l wbw

T
b Xl)

Calculate the ΔSb according Equation (8)

Set Sb+1 = Sb + ΔSb according to Equation (7)

h = [h, sign(XTwb)]

W = [W, wb]

Use hash table h to get bucket ID for each image

Compute V ,Ω

Set Y = C − (λ/η)V Ω

end for

return W , Hb
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functions for the nSCEM-SSH. The algorithm of the

nSCEM-SSH is shown in Algorithm 2.

3.3 Multiple hashing SCEM-SSH

The M-SCEM-SSH constructs K hash tables in a boot-

strap manner. The major difference between the DCH

[37] and the M-SCEM-SSH is that the M-SCEM-SSH

constructs each hash table to correct errors made by all

previous tables holistically. Multiple hashing returns the

union of images yielding similar hash code of the query

image in at least one hash table, so the minimum

Hamming distance (m) between a pair of images ðxi; xjÞ
among all hash tables determines the precision of the

returned result. If the value m between a pair of dis-

similar images is too small, the precision of the multiple

hashing decreases. On the other hand, the recall rate of

the multiple hashing decreases if m is too large for a pair

of similar images. Therefore, in the M-SCEM-SSH, Eq.

(27) updates the pairwise label matrix after every bit of

individual hash table being learned by using the SCEM-

SSH.

DSkij ¼
aB� Gk

ij

� �
=2B : Gk

ij � aB\ 0; S1ij [ 0

bB� Gk
ij

� �
=2B : Gk

ij � bB[ 0; S1ij\0

0 : otherwise

8
>>><

>>>:

ð27Þ

where k, K, B, Gk
ij denote the current number of hash table

under construction out of K tables, the number of hash

tables, the number of bits in an individual hash table and

the maximum value of inner products between images

ðxi; xjÞ among k hash tables, respectively. Note that

Dðxi; xjÞ ¼ ðB�\hðxiÞ; hðxjÞ[Þ=2 [19], so the max-

imum value of Gk
ij is equivalent to the minimum Hamming

distance between images xi and xj among the k hash

tables.

Algorithm 3 shows the procedures of the M-SCEM-

SSH. It is easy to extend the proposed method to a non-

linear multiple hashing by replacing the linear SCEM-SSH

step by the nSCEM-SSH. The nonlinear multiple hashing

version of our method is denoted by the M-nSCEM-SSH.

3.4 Time complexities of different SCEM-SSH

versions

The time complexity of the linear SCEM-SSH is

OðBNd2 þ BdL2Þ where B, N, L and d denote the total

number of hash bits in a table, the total number of both

labeled and unlabeled images, the number of the labeled

images and the number of input dimensions of data, re-

spectively. When L is small, the time complexity of the

SCEM-SSH is OðBNd2Þ. For the iteration, the time com-

plexities of computing XXT , XlSX
T
l , VU

T and the eigen-

vector of the �M are OðNd2Þ, OðdL2Þ, OðNd2Þ and Oðd3Þ,
respectively. The overall computation of one hash bit of the

SCEM-SSH is OðNd2 þ dL2 þ d3Þ. Owing to the fact that

N � d, the time complexity of one iteration is

OðNd2 þ dL2Þ. Therefore, the total time complexity of the

SCEM-SSH with B bits is OðBNd2 þ BdL2Þ. Note that

buckets with no image will not participate in the compu-

tation of Eq. (23) and the number of non-empty hash

bucket is at most equal to the number of images (N) in the

database. The sizes of both matrices V and U do not exceed

d 	 N. Hence, the total time complexity of computing VUT

is OðNd2Þ. For an iteration, the time complexity of com-

puting XXT is also OðNd2Þ.
The time complexity for the nSCEM-SSH is

OðaNrd þ BNr2 þ BrL2Þ, where a denotes the number of

iterations of the k-means clustering algorithm to compute r

anchors. As in [25], a ¼ 10 is usually good enough. If r\ d,

the complexity of the nSCEM-SSH is smaller than that of the

linear SCEM-SSH. The time complexities ofM-SCEM-SSH

and M-nSCEM-SSH with K hash tables are OðKðBNd2 þ
BdL2ÞÞ and OðpNrd þ KðBNr2 þ BrL2ÞÞ, respectively.

The time complexity of querying using linear and non-

linear versions of SCEM-SSH are OðBdÞ and OððBþ rÞdÞ,
respectively. As K is a small constant in comparison to B

and d, the time complexities of M-SCEM-SSH is the same

as the SCEM-SSH.

Algorithm 2 nSCEM-SSH

Inputs: images X , pairwise labeled images Xl, initial pairwise labels

S1 = S , length of hash code B, constants η,λ, Q, s

Outputs: projection matrix W and anchor book U .

Perform clustering to get r anchors U = {ui ∈ Rd}ri
Compute the similarity matrix κ by Equation (24)

Compute φi for each anchor by Equation (25)

Compute the regression matrix Z ′ by Equation (26)

Perform SCEM-SSH(Algorithm 1) on Z ′ to compute the projection matrix W

return W , U

Algorithm 3 M-SCEM-SSH

Inputs: data X , pairwise labeled images Xl, initial pairwise labels

S1 = S, codes length of single hash table B, constants ξ,

number of hash tables K

Outputs: projection matrix W ;

Initialize maximal inner product matrix G0 = −∞, W=[]

for k = 1 to K do

Perform SCEM-SSH to learn an individual hash table to get Wk, H

W = [W, Wk]

Gk = max(H,Gk−1)

Get ΔSk using Equation (27).

Set Sk+1 = Sl + ξΔSk

end for

return W
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4 Experiments

In this section, the four versions of the SCEM-SSH are com-

pared with popular hashing methods. Both the SCEM-SSH

and the nSCEM-SSH are compared with the SPLH [24] and

the nBSPLH [25] in Sect. 4.1. The M-SCEM-SSH and the

M-nSCEM-SSH are comparedwith the CH [36] and theDCH

[37] in Sect. 4.2. Experiments are carried out to compare their

precision–recall curves using four benchmarking databases:

the MNIST, the ISOLET, the USPS and the Caltech101.

Fig. 4 Partitions of the 3rd hash bit (blue dotted line) with (a) and without (b) maximizing conditional entropy (color figure online)

Fig. 5 Precision–recall curves of different hashing methods on MNIST database with 16 bits (a), 32 bits (b), 48 bits (c) and 64 bits (d)

Int. J. Mach. Learn. & Cyber. (2017) 8:571–586 579

123



The MNIST handwritten digit database consists of 70 K

samples in 10 classes with 784 features. The ISOLET spo-

ken letter recognition database consists of 7797 samples

distributed in 26 classes with 617 features. For the USPS

handwritten digit database, we follow [25] to select a subset

of 9298 16	 16 handwritten images. For these three

databases, 1 K images are randomly selected to serve as

queries while another 1 K images are randomly selected as

labeled images. Remaining images serve as unlabeled im-

ages. The Caltech101 database [39] consists of 9144 images

of objects associated with 101 categories. Each category

consists of 40–800 images, and most categories consist of

about 50 images. The 1024 dimensional bag-of-word feature

set [40] is adopted to describe images of the Caltech101

database. To avoid the imbalanced data problem among

categories, 30 images from each category are randomly se-

lected as labeled data. The remaining images are randomly

split into 1 K queries and 5114 unlabeled data as in [25].

Training of hashing for all methods is performed using both

the labeled and the unlabeled image sets. Parameters of all

methods (including the proposed methods) are set in the

same way as in [24, 25], and the number of anchors (r) is

equal to 300 as in [25]. We will further investigate the effect

of the number of anchors to the proposed nonlinear mapping

method at the end of Sect. 4.1.

4.1 Experimental results of linear and nonlinear

SCEM-SSH

Figures 5, 6, 7 and 8 show precision–recall curves yielded

by different methods for the MNIST, the ISOLET, the

USPS and the Caltech101, respectively. In these figures,

nSCEM-SSH(o) denotes the nSCEM-SSH using the non-

linear mapping method of nBSPLH [25] instead of our

proposed method. The comparison between the nSCEM-

SSH(o) and the nSCEM-SSH shows the usefulness of the

proposed nonlinear mapping method combining both local

and global information. In this set of experiments, 16-, 32-,

48- and 64-bit hash tables are built to show the trend of

performance of different methods using different number

of hash bits in sub-figures (a), (b), (c) and (d), respectively,

in Figs. 5, 6, 7 and 8 for the four databases.

In experiments of the MNIST, the ISOLET and the

USPS, the nSCEM-SSH yields the best precision–recall

Fig. 6 Precision–recall curves of different hashing methods on ISOLET database with 16 bits (a), 32 bits (b), 48 bits (c) and 64 bits (d)

580 Int. J. Mach. Learn. & Cyber. (2017) 8:571–586

123



curves and nonlinear methods always outperform the linear

ones. This shows that the proposed nonlinear mapping

method is more effective in comparison to the nonlinear

mapping method of the nBSPLH [i.e. both the nBSPLH

and the nSCEM-SSH(o)]. Both the nSCEM-SSH and the

nSCEM-SSH(o) outperform the popular nBSPLH while the

SCEM-SSH outperforms the SPLH. When the number of

hash bits increases, the SCEM-SSH yields larger increment

of both precision and recall rates in comparison to those of

the SPLH. These show that the maximization of condi-

tional entropy among all hash bits yields better precision

and recall rates. As aforementioned, variances in databases

usually concentrate in the top few principle components.

Therefore, the bit independence assumption in both the

SPLH and the nBSPLH degrades their performances when

the number of hash bits increases. This is not obvious in the

nonlinear cases because images are mapped onto a non-

linear space before hashing.

In experiments of the Caltech101, nonlinear methods

perform worse than the linear ones. When the number of

hash bits increases, the SCEM-SSH, the SPLH and the

BSPLH yield better performance while the nSCEM-SSH

maintains a poor performance. Hence, we further investi-

gate the four databases and find that the problem lies on the

Euclidean based l2 metric which is used to compute the

nonlinear mapping in both the nBSPLH and the nSCEM-

SSH. When the metric does not reflect the semantic simi-

larity well, the nonlinear methods perform worse than the

linear methods. The Caltech101 database consists of 101

classes of images which are very difficult to distinguish

using the Euclidean metric. Table 1 shows the nearest

neighbor (NN) classification results on images in query

sets. The NN classifier performs well for the MNIST, the

ISOLET and the USPS databases, but it drops to 41.02 %

of accuracy for the Caltech101 database. This shows that

the Euclidean metric does not preserve a good semantic

similarity for the Caltech101. Table 2 shows the maximum

and the average numbers of classes of images in N=rd e
nearest neighbors of anchors. On average, images located

near anchors for the MNIST, the ISOLET and the USPS

belong to 2.69, 2.50 and 1.95 classes, respectively. These

numbers are reasonably small. Therefore, the feature

Fig. 7 Precision–recall curves of different hashing methods on USPS database with 16 bits (a), 32 bits (b), 48 bits (c) and 64 bits (d)
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vectors of mapped images in these three databases preserve

their semantic similarity well. In contrast, for the Cal-

tech101 database, images located near anchors belong to

8.39 classes on average and 23 classes in maximum. An-

chors for the Caltech101 database fail to distinguish images

in different classes and therefore the nonlinear mapping

does not preserve semantic similarity well. This leads to

the failure of nonlinear hashing methods for the Caltech101

database. Based on experimental results in this section, we

propose the following heuristic guideline for the selection

of hashing methods:

1. When either the number of classes is large or the NN

classification result is poor, the linear SCEM-SSH is

suggested.

2. Otherwise, the nonlinear nSCEM-SSH is suggested.

This is the first guideline proposed for SSH methods to

select between linear and nonlinear hashing based on

characteristics of a given database.

The query times after the encoding for all methods are

the same when the number of hash bits is the same.

Therefore, only the average encoding time for the query

image is shown in Table 3 to compare the query speed of

different methods. Nonlinear hashing methods take longer

time to encode a query image in comparison to linear

methods. Overall, Table 3 shows that both the SCEM-SSH

and the nSCEM-SSH are very fast and take less than 1ms

to encode a query image.

Fig. 8 Precision–recall curves of different hashing methods on Caltech101 database with 16 bits (a), 32 bits (b), 48 bits (c) and 64 bits (d)

Table 1 Nearest neighbor classification accuracies among the four

databases

MNIST (%) ISOLET (%) USPS (%) Caltech101 (%)

97.21 85.19 97.33 41.02

Table 2 The maximum and the average number of classes of images

of N=rd e nearest neighbors of anchors for different databases

MNIST ISOLET USPS Caltech101

Max 10 11 8 23

Mean 2.69 2.50 1.95 8.39
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Similar to [25], we perform experiments on parameters

selection using the MNIST database. Figure 9 shows the

MAP of different numbers of anchors using the 16-bit

nSCEM-SSH. The 16-bit nSCEM-SSH with 300 anchors

yields the best MAP. Moreover, it seems that the number of

anchors within the range between 200 and 500 has no

significant effect on the performance of the nSCEM-SSH.

Figure 10 shows the retrieval results of 10 queries for

the MNIST database. For each row in Fig. 10, the first

image is the query image while others are images retrieved

by the nSCEM-SSH with 64 bits. The first retrieved images

for classes ‘‘2’’ and ‘‘8’’ are very ambiguous and look very

similar to ‘‘1’’ and ‘‘9’’, respectively. Such cases cannot be

accurately recognized even by human easily.

Finally, the nSCEM-SSH uses a new nonlinear mapping

method which uses all anchors located within a Q-ball

instead of a pre-selected number of anchors in the

nBSPLSH. In the experiments, the average distance be-

tween images in the database and their corresponding sth

nearest anchors is used as the value of Q. Essentially we

convert the problem of selecting the Q value into a problem

of selecting the s value for better use of the distribution

information of the given database. Figure 11 shows the

average precisions of the nSCEM-SSH yielded by Q values

computed using different values of s. Overall, a larger s

yields a larger Q value because the average distance be-

tween images and their sth nearest anchors increases.

Figure 11 shows that a large Q value yields poor precision

because an over large Q-ball could compute the nonlinear

mapping based on irrelevant anchors. Both s ¼ 2 and s ¼ 3

yield high average precisions. Hence, we compute a new Q

value by averaging these two Q values and denote it as

s ¼ 2:5 or the distance between images and their ‘‘2:5th

nearest anchors’’. Figure 11 shows that this Q value yields

the best average precision. Readers could follow these

steps to find the optimal Q value for different databases.

Fig. 10 Images retrieved by the nSCEM-SSH with 64 bits for the

MNIST database

Table 3 Average encoding

time of different methods for the

MNIST database with different

number of bits

16-bit (ms) 32-bit (ms) 48-bit (ms) 64-bit (ms)

nSCEM-SSH 0.7632 0.7637 0.7649 0.7667

nSCEM-SSH(o) 0.7632 0.7636 0.7649 0.7663

SCEM-SSH 5:454	 10�3 7:503	 10�3 1:254	 10�2 2:546	 10�2

nBSPLH 0.7776 0.7855 0.7875 0.7915

SPLH 2:308	 10�3 2:921	 10�3 3:879	 10�3 4:878	 10�3

Fig. 9 Number of anchors selection on MNIST using 16 bits Fig. 11 Q value selection of MNIST database
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4.2 Experimental results for multiple hashing

Experimental comparison among the M-nSCEM-SSH, the

M-SCEM-SSH, the CH and the DCH are performed using

the four benchmarking databases. All methods use five

hash tables with 16 bits each as in [37]. Results are shown

in Fig. 12. The M-nSCEM-SSH yields the best perfor-

mance in all databases. Both the M-nSCEM-SSH and the

M-SCEM-SSH outperform the CH and the DCH sig-

nificantly in the MNIST, the ISOLET and the USPS

databases. In experiments of the Caltech101, the M-SCEM-

SSH outperforms the M-nSCEM-SSH, which is the same

as in experiments using a single hash table. These show the

effectiveness of the proposed multiple hashing using the

SCEM-SSH.

Then, we use the MNIST database as an example to

show the effectiveness of multiple hashing over single

hashing for SSH. As aforementioned, multiple hashing

visits much fewer hash buckets in comparison to single

hashing methods. In Fig. 13, F1-scores versus Hamming

distance between hash codes of returned images and the

query for 16-, 32-, 48- and 64-bit nSCEM-SSHs and M-

nSCEM-SSHs are plotted. For the M-nSCEM-SSH, it only

uses the exact match of hash code, so the single result is

shown as a straight line across different Hamming dis-

tances in Fig. 13. To obtain a similar F1-score of the M-

nSCEM-SSH, the nSCEM-SSH using a single hash table

needs to visit a very large number of hash buckets and

therefore spends longer time for retrieving images. For 16-,

Fig. 13 F1-score versus Hamming distance curves of the M-nSCEM-

SSH and 16-, 32-, 48- and 64-bit nSCEM-SSH for MNIST database

Fig. 12 Precision–recall curves of M-nSCEM-SSH, M-SCEM-SSH, CH and DCH on MNIST (a), USPS (b), ISOLET (c) and Caltech101 (d)

584 Int. J. Mach. Learn. & Cyber. (2017) 8:571–586

123



32-, 48- and 64-bit nSCEM-SSHs, visiting all hash buckets

with Hamming distances less than 2, 4, 6 and 7, respec-

tively, are needed. In other words, the M-nSCEM-SSH

only visits five hash buckets while Oð162Þ, Oð324Þ, Oð486Þ,
Oð647Þ hash buckets are visited by 16-, 32-, 48- and 64-bit

nSCEM-SSHs, respectively, to achieve a similar F1-score.

When more hash bits are used for single hashing methods,

hash buckets are usually smaller and therefore it results in a

higher precision and a lower recall rates. In contrast, when

the number of hash bits is too small, a higher recall and a

lower precision rates are expected. From Fig. 13, images

with exact match of hash code to the query using a single

16-bit nSCEM-SSH yields only 0.48 F1-score while the

5-table 16-bit M-nSCEM-SSH yields 0.72 F1-score. The

union obtained by using the exact match of hash code from

different hash tables provides a large coverage of images

with the same hash code to the query image. This region

created by multiple hashing is not necessarily convex,

while hash buckets created by a single hashing method are

convex based on the fact that they are defined by the in-

tersection of a set of hyperplanes.

Query time is critical to the success of semantic image

retrieval. Smaller number of hash bucket visits yields a

faster response time of image retrieval. Hence overall, the

M-nSCEM-SSH is the most powerful version among the

four proposed methods. Certainly, user needs to select

between linear and nonlinear version of the multiple

hashing SCEM-SSH according to the guideline proposed in

Sect. 4.1 for optimal performance.

5 Conclusion

This work proposes the SCEM-SSH which maximizes the

conditional entropy among all hash bits holistically. The

nSCEM-SSH finds the nonlinear mapping by using both

local and global information in the database. Then, multi-

ple hashing versions of both the SCEM-SSH and the

nSCEM-SSH are proposed. Experimental results show that

the proposed methods outperform existing popular SSH

methods.

Both the SCEM-SSH and other SSH methods are shown

to be useful for dealing with semantic image retrieval

problems. However, current experiments (including ours)

are performed using a fixed ratio of labeled images. The

selection of the optimal ratio between labeled and unla-

beled images should be further investigated. Moreover, for

an unlabeled database of semantic image retrieval problem,

how many images must be labeled to achieve a good per-

formance? A theoretical guideline may be difficult to find

owing to the complexity of the semantic representation in

feature vectors and uncertainty of future queries. It could

be an important future work to study the minimum ratio of

labeled images in the database to yield the best precision

and recall rates of using SSH.

On the other hand, the selection of both the number of

hash bits and the number of hash tables is also important to

the success of large scale image retrieval using semi-su-

pervised methods. This problem could be linked to the data

distribution and the number of dimensions in the database.

A future research direction is to embed the selection of

both the number of bits and the number of tables in the

optimization process of the M-nSCEM-SSH. A new ob-

jective function for the optimization will be needed.

Finally, Euclidean based nonlinear mapping may not be

the best choice for semantic image retrieval problems. A

further investigation is needed to find a new nonlinear

mapping for the SSH and the SCEM-SSH to further im-

prove semantic image retrieval performance for large scale

problems.
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